Abstract. If a number field has a large degree and discriminant, the computation of the class number becomes quite difficult, especially without the assumption of GRH. In this article, we will unconditionally show that a certain nonabelian number field of degree 120 has class number one. This field is the unique A 5 × C 2 extension of the rationals that is ramified only at 653 with ramification index 2. It is the largest degree number field unconditionally proven to have class number 1.
Introduction
One of the problems of algebraic number theory is to get deep knowledge of the Galois groups of various Galois extensions of number fields, especially maximal extensions of number fields with restricted ramification. Such Galois groups can be regarded asétale fundamental groups of spectra of algebraic integer rings punctured at some closed points, and they play essential roles for understanding the arithmetic of number fields, analogous to the role geometric fundamental groups of manifolds do in geometry. In other words, theétale fundamental group G = πé t 1 (Spec O K ) of the ring of integers O K of a number field K is isomorphic to Gal(K f ur /K) where K f ur is the maximal extension of K which is unramified over all finite places. This is one of the motivations for the study of unramified extensions of number fields and their Galois groups. In general, one can know the abelianizations of theétale fundamental group G by examining the ideal class group of O K . Yamamura's results [17] tell us that K f ur = K l , where K's are imaginary quadratic fields with absolute discriminant |d K | ≤ 420 and K l is the top of the class field tower of K. Hence we can find examples of abelian or solvableétale fundamental groups.
However, one can get little information on the structure of G itself via class field theory, especially in the case where G is a nonabelian simple group.
The first author has previously [9] given an example of K with Gal(K f ur /K) ≃ A 5 under the assumption of the generalized Riemann hypothesis (GRH). Let K be a quadratic number field Q( √ 653) and L be a splitting field of
a polynomial that has complex roots. The field L is an A 5 -extension of Q and 653 is the only prime ramified in this field, with ramification index two [3, p. 21] . Moreover, L is the unique such field [1] . By Abhyankar's lemma, the compositum KL is an extension of K which is unramified over all finite places, and KL is the unique A 5 × C 2 extension of Q ramified only at 653 with ramification index 2. Under the assumption of GRH, the first author proved [9] that the class number of KL is 1 and futhermore that K f ur = KL. We have the following natural question: Is it possible to show that K f ur = KL without assuming GRH, thereby proving unconditionally the existence of a non-solvableétale fundamental group?
To do this, the first step is to unconditionally prove that KL has class number one. If a number field has a large degree and discriminant, the computation of the class number becomes quite difficult. The Minkowski bound is too large to be useful, and the root discriminant of KL is too large to be treated by Odlyzko's unconditional discriminant bounds. However, the second author showed [12] that by finding nontrivial lower bounds for sums over prime ideals of the Hilbert class field, upper bounds can be established for class numbers of fields of larger discriminant.
In this paper, we unconditionally prove that KL has class number 1. In fact, KL has degree 120, and it is the largest degree number field proven unconditionally to have class number 1. Previously, among such fields, the one with largest degree, the real cyclotomic field of conductor 151, has degree 75 [13] . Theorem 1.1. The unique A 5 ×C 2 extension of Q ramified only at 653 with ramification index 2 has class number 1.
Remark on the maximal unramified extension of Q( √ p)
The first author proved [9] that if the class number of KL is less than 16, then the class number of KL is 1. Using discriminant lower bounds, it was further proved, under the assumption of GRH, that the class number of KL is indeed less than 16 (and therefore is 1), and also that the maximal unramified extension of K is KL. is defined as an infimum of |d F | 1/n F over all number fields F satisfying n F ≥ n and
) where r 1 (F ) (resp. r 2 (F )) is the number of real (resp. complex) places of a number field F .)
In B(1920, 0, 960), the number 1920 represents 16 × the degree of KL.
In particular, the proof of Theorem 2.1 has the following consequence: Corollary 1. With the notations and conditions being the same as above, if the class number of KL is smaller than 16, then the class number of KL is exactly one.
Here we briefly sketch the main elements of the proof, the details of which are given in [9] .
Proof. Let M denote the Hilbert class field of KL, and let M (q) denote the Hilbert q-class field for a prime q. Every automorphism group of an abelian group of order less than 16 does not contain a subgroup isomorphic to 
To prove unconditionally that KL has class number 1, it remains to be shown that the class number is less than 16.
Upper bounds on class numbers of totally complex fields
The root discriminant |d KL | 1/120 of KL is approximately 25.5539. If we assume the generalized Riemann hypothesis, we can use discriminant lower bounds [11, 14] to show that any totally complex field with degree 480 or larger must have root discriminant larger than 26.48. But the root discriminant of KL is equal to the root discriminant of its Hilbert class field, so under GRH the class number of KL must be less than 4.
However, without the assumption of GRH, this method fails for totally complex fields with root discriminant above 4πe γ ≈ 22.3816. To make further progress, we must find another approach that can handle large root discriminants. Such a method was introduced in [12] for totally real fields. By finding sufficiently many integral elements with small prime norm, an upper bound for class numbers could be established even for fields of large discriminant.
We prove a similar result of totally complex fields.
Theorem 3.1. Let K be a totally complex Galois number field of degree n, and let
for some positive constant c. Suppose S is a subset of the prime integers which are unramified in K and factor into principal prime ideals of K of degree f p . Let
where γ is Euler's constant. If B > 0 then we have an upper bound for the class number
Proof. The proof is a modification of the argument in [12] . We apply Poitou's version [15] of Weil's "explicit formula" for the Dedekind zeta function of Hilbert class field H(K) of K:
where γ is Euler's constant and r 1 = 0 since K is totally complex. The first sum is over the nontrivial zeros of the Dedekind zeta function of H(K), the second sum is over the prime ideals of H(K), and Φ is defined by
By our choice of F , the real part of Φ(s) is nonnegative everywhere in the critical strip. Indeed, on the boundary of the critical strip, the real part
is positive, and Re Φ(s) → 0 as | Im s| → ∞, so by the maximum modulus principle for harmonic functions, Re Φ(s) can not be negative anywhere in the critical strip. Since the root discriminant rd(K) of K equals the root discriminant of H(K), we have log d(H(K)) = hn log rd(H(K)) = hn log rd(K), and also
We therefore we get the expression
We rearrange this to get the identity
where
To get an upper bound for the class number h, we need to bound from below the sum over the zeros and the sum over the primes. The sum ρ Φ(ρ) over the critical zeros is nonnegative since the real part of Φ(s) is nonnegative on the critical strip. We note that principal ideals in K totally split in the Hilbert class field of K. To find a nontrivial lower bound for the sum over prime ideals of the Hilbert class field, we consider the contribution of the hn/f p prime ideals P of degree f p that lie over some unramified rational prime p:
Summing this contribution over an arbitrary set S of unramified primes gives a lower bound for the sum over the prime ideals, proving the theorem.
An integral basis for KL
In order to apply Theorem 3.1, we must find sufficiently many integral elements of small prime power norm. To do this, we first must compute a basis of the ring of integers O KL of KL.
4.1.
Computing an integral basis for KL. In general, it is difficult to compute an integral basis for a number field with such large degree and takes an unfeasibly long time using the commonly implemented algorithms. Fortunately, Jordi Guàrdia, Jesús Montes and Enric Nart studied and recently implemented an algorithm that allows for fast computation of an integral basis. Their algorithm has excellent heuristic running times and low memory requirements. The detailed algorithms are described in [4] , [5] and [6] . Even though their algorithms depend on a conjecture, their program verifies that the returned basis indeed generates a maximal order and warns the user if the test fails. The "Montes package" is available at their homepage [7] . 4.2. Application of Montes package. Given a number field F = Q(θ) defined by an irreducible monic polynomial f (x) with integer coefficients, and a set S of prime divisors of the discriminant of f , the Montes package computes an integral basis of the ring of integers O F .
We must find a polynomial f (x) defining our field KL. Magma [2] can use the polynomial (1.1) to find the defining polynomial of KL, but the coefficients and the discriminant of such polynomial are extremely high.
Instead, to use the Montes package efficiently, we must find a polynomial f (x) with relatively small coefficients. From the work of Basmaji and Kiming [1] , it is known that there is a unique A 5 -extension of Q which is ramified only at 653 with ramification index 2, and so there is a unique A 5 ×C 2 -extension of Q ramified only at 653 with ramification index 2. We can also check that the splitting field of
(see [8] ) is an A 5 × C 2 -extension of Q, and ramified only at 653 with ramification two. Therefore the splitting field of (4.1) is isomorphic to KL, and we find that the defining polynomial f (x) of the splitting field has reasonably-sized coefficients: Now let a be a zero of the above polynomial, i.e. KL = Q(a). We can get an integral basis B = (b 1 , b 2 , . . . , b 120 ) for KL by using the Montes package and Magma software, where each b i ∈ Q[a]. The basis is included as an ancillary file with the arXiv submission of this paper.
4.3.
Finding a better integral basis for KL. Let σ 1 ,σ 1 , σ 2 ,σ 2 , . . . , σ 60 ,σ 60 be the 60 conjugate pairs of embeddings of LK into the complex numbers. We have the usual embedding ι of KL into R 120 ,
Under this map, ring of integers O KL is embedded as a lattice in R 120 . With some abuse of notation, we respectively define the multiplicative norms N(x) of x ∈ KL and N(y) of y ∈ R 120 to be
In order to find an upper bound for the class number of KL, we must find sufficiently many integral elements with small multiplicative norm. For this purpose, we desire a "nice" integral basis for O KL in the sense that embedded basis elements have small Euclidean lengths in R 120 . For the basis B found by the Montes package in the previous subsection, the Euclidean lengths range from |ι(b 1 )| = √ 60 to a rather large |ι(b 120 )| ≈ 1.59 × 10 70 , so we do not yet have a "nice" basis. We thereby encounter the classical problem of lattice basis reduction. We can apply the Lenstra-Lenstra-Lovász (LLL) algorithm [10] , but it only gets us so far: A single application of the LLL algorithm in Maple to our initial basis ι(B) yields a new basis in R 120 with Euclidean norms ranging from √ 60 to approximately 64.51, a substantial improvement yet not good enough for our goal of finding integral elements of small multiplicative norm. Indeed, a vector in R 120 with Euclidean norm of 64.51 can have a multiplicative norm larger than 10
110 . There exist several other methods of lattice basis reduction that can produce shorter vectors than the LLL algorithm at the expense of longer running time, but here we take a somewhat naive approach that is easy to implement in Maple, using its native implementation of the LLL algorithm.
Suppose that, given a list of basis vectors v 1 , v 2 , . . . , v n in R n , we want apply the LLL algorithm to produce a basis of relatively short vectors. Typically, for lattices of high dimension and vectors of widely varying Euclidean length, the results can be improved if the v i are first ordered in ascending length prior to applying the LLL algorithm. This motivates the following approach:
Step 1: Sort the vectors so that the v i are in ascending length.
Step 2 Our next step is to find integral elements of our number field KL with small multiplicative norm. Then we can apply the theorem from [12] to establish an upper bound for the class number. To find such elements of small norm, we will search over "sparse" vectors, i.e. vectors where almost all the coefficients are zero with respect to the basis (c j ). Table 1 lists the elements of small prime norm that are found by searching over "sparse" vectors. These prime integers generate principal ideals which totally split in KL into 120 principal prime ideals, each of which is generated by the given element or one of its Galois conjugates. Therefore we can include the primes given in Table 1 as degree 1 primes in the set S used by Theorem 3.1. Table 2 lists some elements which have norms of small prime power. However, this is not useful to us unless we can show that the ideals generated by the rational primes factor in KL into degree 2 or 3 primes, rather than totally split. Since KL is the splitting field of
it suffices and is straightforward to check that this polynomial does not totally split mod p for each of the primes in Table 2 . Therefore each of these primes can be included in set S as degree 2 primes, except for 11 which is included as degree 3.
However, we have still not found enough principal prime ideals to establish a sufficiently strong upper bound for the class number of KL. To find more principal prime ideals, we consider elements that generate principal ideals that are products of two prime ideals, one of which is already known to be principal. Essentially, we are just finding relations in the class group. Finally, the following three primes factor into degree 3 principal primes in KL:
7, 11, 23.
If we include these primes in our set S and set c = 24.5, we find that
log p p fpm/2 F (f p m log p) > 0.18797.
We can numerical calculate the integral and find that Since the class number is an integer, we deteremine that h KL ≤ 14.
Applying Corollary 1, we conclude that the class number of KL is 1.
Summary of results and concluding remarks
We have shown conditionally that the class number of KL is one. Thus we know that KL does not have any solvable unramified extensions. To prove unconditionally that theétale fundamental group of K = Q( √ 653) is A 5 , the remaining task is to show that KL does not have a nonabelian simple unramified extension.
How might we rule out such nonabelian simple unramified extensions? There are at least two possible approaches: One is to gain sufficient knowledge of the prime ideals of the unramified extension in order to bound the degree of the extension, similar to our approach for bounding the degree of Hilbert class field. But this is difficult: We do not have access to a class field theory for nonabelian extensions as we have in the abelian case. A possible alternative approach may be to use the theory of Galois representations to attempt to rule out possible nonabelian unramified extensions of KL.
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